RULED SURFACES
WITH GENERATORS IN ONE-TO-ONE CORRESPONDENCE*

BY

ERNEST P. LANE

1. INTRODUCTION

The configuration composed of two ruled surfaces whose generators are in
one-to-one correspondence occurs frequently in geometry. If we assume that
corresponding generators are not coplanar, we find that we can base a pro-
jective theory of this configuration on a system of four ordinary linear first
order differential equations in four dependent variables. If we choose the
fundamental curves of reference on the two surfaces suitably, we are able to
reduce this system of equations to a relatively simple canonical form.

The curves which are fundamental for our canonical form we have called
intersector curves. They are in some respects similar to the curved asymptotics
on a ruled surface. We also define other curves which are analogous to flec-
node curves and have some of their properties.

As an application of our theory, we have employed it to investigate Green-
reciprocal ruled surfaces. The method proves to be a fruitful one. We are
able to generalize some well known theorems concerning ruled surfaces of
congruences I" and I which are reciprocal in the sense of G. M. Green. And
we discover a geometrical characterization of the directrix congruences of
a surface in terms of simple concepts.

2. THE DIFFERENTIAL EQUATIONS

Let the four homogeneous coordinates y@, ..., y® of an arbitrary point P,
on a curve Cy be given as analytic functions of a single independent variable x.
And in like manner let the four cootrdinates of each of three other points P,
P,, P, be given as functions of the same variable z. Let us join Py, and P, by
a straight line Zy; let us also join P, and Py by a line 1. Then, as x varies,
the locus of ly; is a ruled surface Ry, and the locus of /,, is a ruled surface
E,s. It is these ruled surfaces that we wish to study.

We shall suppose that Py, P;, P,, P, are not coplanar, so that corresponding
generators Iy, and l,, do not intersect. Then the determinant

* Presented to the Society, April 15, 1922, and December 29, 1922.
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is different from zero, and it is possible to determine the coefficients in the
system of differential equations

Yy =cuy+aztanoe+aso,
Z=cuy+tcaztanetano,

O =byytbezt+d,e+dso,

0 =byy+tbpetdnotdeno

(1

so that (y@, 2®, @, ¢®) (7 =1, 2, 3, 4) will be four sets of solutions. For
example, we may substitute each of these four sets in turn in the first equation
of system (1) and then solve the resulting four equations for the coefficients
of the first of equations (1). Similarly we may determine the coefficients of
each of the other three equations.

System (1) is not uniquely determined when Ry, and E,, are given. If we
introduce new reference curves C; and C; on E,, by the transformation

y = ay+be,

z=cy+tde, D = ad—bcF0,

and new reference curves (5 and Cz on Ry, by the transformation
0 = a6+ﬂaa
o=re+03, A= ad—pr+0,

we do not change the surfaces Ry, and R,s; but system (1) goes over into
another system of the same form whose coefficients, indicated by dashes, are
given by the following equations:
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d(—d'+enatese)+b(c'—cna—csc),
A(—b+enbtesd)+b(d—esb—css d),
d(ane+azr)—b(ag o+ asr),

d(a B+ ais0)—b(as B+ as59),

—c(—ad'Featasc)—a(cd—ea—cse),
—c(—=U+eub+easd)—a(d—cs b—cad),
—c(anetasr)+a(ag ¢+ asy),
—c(a B+ 0150) + alag B+ ass 9),

6(b11 a—+bisc)—B(bsy a+ beg c),
O(bi b+ biad)—B(bg b+ hysdd),
‘5(‘—“'+ dye+dysy) +ﬂ(}”—dna"‘dzs}'),

= 6(—ﬂ'+du}9+ dxsd)‘l‘ﬂ(d'—dzxﬂ—dnd),

= —)/(blla+b]gc)+a(b2la+bﬂﬁc)’
= —y (b b+ bisd)+ e (bs b+ bgs d),
== ‘—)’(_“"“ iy a+dlzi’)_‘“()"_dﬂa_d”")’

_)’(“‘ﬂl+ duﬂ“"du‘s)_“(d’—dn ﬂ'—(lzzd)-

By a suitable choice of reference curves, the geometrical characterization
of which will be furnished later, we are able to reduce system (1) to a simple
canonical form. To this end we observe that if we choose ¢ and ¢ as a pair
of solutions of the simultaneous differential equations

al

U
= cua+csc, ¢ = cpat-+tcac,

we shall then have ¢;; = ¢3, = 0. Likewise we can make ¢;3 = ¢35y = 0
by choosing b and 4 as solutions of

b = Cub+012d, d = cu b+ cpad.
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We can make d;;, = ds, by choosing « and 7 as solutions of
o =dyatdsy, 1V =dnatdsr,
and we can make dyjp = dgs = 0 by choosing 8 and d as solutions of
B = dyB+dsd, 0' = dyy B+ dss 0.
When these reductions have been made, system (1) takes the canonical form

¥y = aue+taso, o = by y+ bis 2,
(2)
Z = as; @ + s 0, o' = by Y+ bss 2.

Wilezynski has developed the theory of a single ruled surface, for which
his fundamental system of equations has the form*

YV 4yt pedtaytasz =0,
(A)
2”+pn ;’/"‘l‘ Ds2 7+ 1Y+ gz = 0.

In order to obtain system (A) from system (1) it is sufficient to differentiate
the first two equations of system (1) and then eliminate ¢, o, ¢, o’. We prefer
however to start from our canonical system (2). We find then that the
coefficients of system (A), for our surface Ry, are given by the following
formulas in terms of the coefficients of system (2):

Pr1 = (@1 a1z — @23 a11)/ (@11 Qs — Qg1 A1z)y, g1 = — (@11 by + tys bsy),
@ P12 = (@12 al1 — Q11 a12)/(@1y Gas — @31 Uys), Gas = — (@us bis + @45 bss),
a1 = (21 o — @z a1)/ (11 Qs — A3y 13), a1 = — (g1 by + ass bsy ),
pss = (@12 @1 — a1 a32)/(Ayy Ass — @gy Ays), Qaz = — (@a1 by + gs bgs).

We are thus enabled to avail ourselves of the classical theory of a single
ruled surface.

* Wilczynski, Projective Differential Geometry, Leipzig, 1906, p. 126.
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3. GREEN-RECIPROCAL RULED SURFACES

G. M. Green’s reciprocal relation B plays a significant part in projective
differential geometry. This relation may be briefly formulated as follows.*
Consider an arbitrary non-developable surface S. At an arbitrary point on
this surface there is a tangent plane and an osculating quadric. A line ! which
lies in the tangent plane but does not pass through the point of contact, and
a line I/, which passes through the point of contact but does not lie in the
tangent plane, are said to be reciprocal to each other in case they are reciprocal
polars with respect to the osculating quadric. The totality of lines { forms
a congruence, called a I'" congruence, and the reciprocal lines / form the
reciprocal I’ congruence.

Let us draw a curve C on our fundamental surface S. Corresponding to
every point of this curve we have a pair of reciprocal lines [ and !'. All these
lines ! form a ruled surface, which intersects S in C, and the reciprocal lines !
also form a ruled surface. Such ruled surfaces we shall call Green-reciprocal
ruled surfaces.

The generators of Green-reciprocal ruled surfaces are in a one-to-one
correspondence and are skew to each other. It will therefore be possible to
apply our general theory of pairs of ruled surfaces to Green-reciprocal ruled
surfaces. For this purpose we shall need to formulate the relation R
analytically.

Let the four homogeneous codrdinates y®, ..., ¥ of an arbitrary point P,
on a surface Sy be given as analytic functions of two independent variables
and v. Let us suppose that Sy is non-degenerate and non-developable, and is
referred to its asymptotic net. Then the four functions y are a fundamental
system of solutions of a completely integrable system of partial differential
equations which may be reduced to the formt

(4) yt¢u+2byv+fy = 0, yw+2a'yu+yy = 0.

The points F, and P, defined by
®) e = yu—ABy, 0= yp—eay,

where « and g8 are functions of » and v, lie in the tangent plane of S, at P,.
More precisely, P, lies on the line tangent at Py to the asymptotic curve

* Green, Proceedings of the National Academy of Sciences, vol. 3 (1917)
pp. 587-592.

+ Wilczynski, Projective differential geometry of curved surfaces, First Memoir, these
Transactions, vol. 8 (1907), p. 246.
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v = const. through Py, and P, lies on the line tangent to the asymptotic
u = const. at Py. The line J,, which joins P, and P, lies in the tangent plane
of Sy at Py, and does not pass through Py. The line I, reciprocal to I,,
joins P, to the point P; defined by*

(6) z2 = Y — Yu— BYv.

An arbitrary curve Cy on Sy (except the curves » = const.) may be defined
by expressing v as a function of u, in the form v = v (u). As w varies,
Py moves along the curve Cy, and the lines /y; and s generate two Green-
reciprocal ruled surfaces, Ry and E,,.

We are now ready to set up the system (1) for Green-reciprocal ruled sur-
faces. We first calculate the partial derivatives of 2, ¢ and o with respect to u,
and with respect to v, obtaining

2y = Py—pBz+ Ae—F'o,
2y = Qy —eaz— G'o+ B,

O

where we have placed
A= 4db—a,—ap, F'= f+ 8+ 8.—2ba+2b,,
B = 44d'b—B,—a8, G = g+ ot ay—2d8+2a,
P = AB—Fea+2bg—ft fe,
Q = Ba— G'B+2df—gutgh;

(8)

and obtaining
ew = —Fy—Be—2bo, e = (af—B)y+z+ae,
6 = —Qy—2d'0—ao, o= (ef—ay)y+z+ 8o,

(9)

where we have placed
(10) F=f+8+8.+2ba, G=g+ta'ta,+2d8.

* Green, Memotir on the general theory of surfaces and rectilinear congruences, these
Transactions, vol. 20 (1919), p. 87.



1923] RULED SURFACES 287

We next calculate the total derivatives of y, z, ¢ and ¢ with respect to u,
using the formula y' = y, + v’ y», where ¢’ is obtained by differentiating the
equation v = v(u) defining By, and B,,. We obtain in this way a system of
equations of the form (1), whose coefficients have the following values:

C11 =,3+U'“, s =0, ay =1, Uys = v',
0 =P4+VQ, ca=—8—Ve, ay =A—V'G, ass =—F +v'B,
(11)

dys ==—ﬂ+v'“, dis = _2b, by = —F+U’(“ﬂ—,3v), bis = v',

dey =—2v'a’, dsg=R8—ve, by=af—a,—v'GF, by=1.

We shall make use of this system of equations whenever we wish to apply our
general theory to Green-reciprocal ruled surfaces.

4. INTERSECTOR CURVES

A curve on Ry, will be called an intersector curve (with respect to R,,) in
case the tangent at each point of the curve intersects the line /,, which corre-
sponds to the generator /,, that passes through the point. A similar definition
may be made for intersector curves on Ry,.

We shall now determine the intersector curves on Ey,. Any point P, on
a generator /. (except P;) may be defined by setting ¢ = y + 42, where 2 is
a function of x. As x varies, the locus of P, is a curve C, on E,,. We wish
to determine 4 so that C;, will be an intersector curve. The point ¢, where
¢’ = y'+ 47+ X'z, is a point on the tangent of C,. Substituting from the first
two equations of system (1), we find

‘(12) 9" = (¢ + 4Acsr) ?/+('4-'+ cistAcss) 2+ (ar +4asy) e+ (a4 4ags) 0.

Then an arbitrary point on the tangent of C,, is given by an expression of the
form ¢'+ k¢. If this tangent intersects Yoo, there must exist a value of k so
that the expression ¢’+ k¢ is a linear combination of ¢ and ¢ only. Therefore
k and 4 must satisfy the two conditions

11 +1031+k =0, )v/"*‘ Cis+ Acss +k1 == 0.
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Eliminating &, we obtain the differential equation of the intersector curves
on Ry,

(13) V= —q;, + (e — cas) A+ a1 4%

The corresponding equation for the intersector curves on B,, may be deduced
in the same way. If we denote an arbitrary point on b by Py, where

Y = o+ po, we find

(14) wl = (b ‘I‘I"b21)y+(bls+ﬂ'bzs)z+(du+l"d21)9+(ﬂ/'+du+l"dss)0'-

And the differential equation for the intersector curves on R, is

(15) I‘" = —d12+(du—dn).“+dnl‘/2-

We observe that if our fundamental equations are written in the canonical
form (2), then the curves 4 = const. are the intersector curves on R,;, and
the curves 4 = const. are the intersector curves on R,,. In fact, inspection
of system (1) will show that Cy is an intersector curve if ¢;s = 0, and C, is
an intersector curve if ¢;; = 0. Similarly, 6;, is an intersector curve if
dis = 0, and C, is an intersector curve if dg; = 0.

We remark further that equation (13) is a Riccati equation. Therefore there
is a one-parameter family of intersector curves on Ry;, and they are determined
by solving a Riccati equation. Conversely, we can show that, if we have
given a ruled surface Ry, and a Riccati equation

¥ = P+ Qi+ RA,

then there exists a ruled surface R,, with respect to which the one-parameter
family of curves defined by the given equation are intersector curves. Com-
paring the given equation with equation (13), let us choose ¢;; = 0, and set

as = —P, s = — @, 1 = R.

If we introduce these values into the first two equations of system (1), and
solve these two equations for ¢ and ¢, we obtain

e = Pz+y', o= —Ry+(P+Q)z+y'+7.
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These formulas determine the rcquired ruled surface R,,. Therefore we have
shown that the theory of a Riccati equation is equivalent to the theory of the
intersector curves on a ruled surface with respect to some associated ruled surface.
It should be noted that our determination of R, is not unique, since only the
difference ¢;; — css is defined.

Since the cross ratio of any four particular solutions of a Riccati equation
is constant, we see that, if we select any four intersector curves on Ry, they
will cut each generator ly, in a set of four points having the same cross ratio on
all generators.

The curved asymptotics on a ruled surface have long been known* to
possess the cross ratio property which we have just established for intersector
curves in general. We shall find a Riccati equation defining the curved asymp-
totics on Ry;, using our canonical system (2). Let P,, where ¢ = y -4z,
be an arbitrary point on l,,. Then differentiating twice and making use of
system (2), we find

¢ = Nz+(an+Aag) o+ (a3 + 4ass)o,
(16)
9" = OQy+QOz+ [(au‘i’lan)"l’l’an]?‘l‘[(alz+1aaa)’+ A ags]o,

the omitted coefficients being immaterial. The locus C, of P, will be an
asymptotic curve on Ry, if the osculating plane of C, at every point coincides
with the tangent plane of Ry, at the point. Then the four points y, ¢, ¢', ¢”
will be coplanar. The condition for their coplanarity reduces to

2(tyg @y — ayy a33) A = an a1z — azz any
(17)
’
+ (@11 aze — ass a1 + az1 412 — ara ah) A+ (a9 azs — aze an) A%

This equation defines the curved asymptotics on Ry,.

A second property of the asymptotics may also be extended to intersector
curves. Since an asymptotic tangent intersects three consecutive generators
on a ruled surface, it follows that the asymptotic tangents of Ry, constructed
at points of a fixed generator Iy, form a quadric. This quadric is called the
osculating quadric of Ry, at l,. Now a tangent of an intersector curve on
Ry, intersects two consecutive generators at /,, and also intersects Z,,. There-
fore the intersector tangents of Ry, constructed at points of a fixed generator

* P. Serret, Théorie Nouvelle Géométrique et Mécanique des Lignes & Double Courbure,
Paris, 1860.
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lyz also form a quadric, which we shall call the intersector quadric of Ry, at ly,.
In order to find the equation of this quadric, we observe that an arbitrary
point on the tangent of an arbitrary intersector curve is given by ¢’ + ko,
where ¢’ has the value written in equation (12), and 4 satisfies equation (13).
If we introduce a local tetrahedron of reference with vertices at the points
¥,2,0, 0, and with suitably chosen unit point, we may write the local codrdi-
nates of the point ¢’ + k¢ in the form

Ty = Cu+;vczl+k, X3 — a11+lazu

xzz(cll—l_l('!l"}—k)ly Ty — a12+1a22-

Eliminating % and 4, and making the result homogeneous in the usual way,
we obtain the equation of the intersector quadric of Ry, in the form

A1y Xy X3 — Q11 Ty Xy + g3 25 5 — @ X3 X, = 0.

The relation of asymptotics to intersector curves is made clear by the
following considerations. Suppose that [,, happens to be a generator of the
same set as Jy; on the osculating quadric of Ry;. Then R, is called a derivative
ruled surface* of Ry, and the intersector curves are the asymptotics. The

asymplotics on Ry, are intersector curves with respect to an arbitrary derivative
ruled surface of Rys.

5. ANALOGUES OF FLECNODE CURVES

When four skew straight lines are given, there exist two other straight lines
each of which intersects all four given lines. Indeed, the flecnodes on a gene-
rator of a ruled surface have been definedt as the two points at each of which
a line may be drawn intersecting four consecutive generators. We wish to
extend this notion of flecnode in two directions.

In the first place, we recall that an asymptotic tangent of Ry, intersects
three consecutive generators l,,. Therefore there are two points on each
generator I, which are characterized by the fact that the asymptotic tangent
at each of them intersects the corresponding line ,,. If 7,, happens to be
also a generator of Ry, and if we let /,, approach , over the surface Ry,
then our two points approach the flecnodes of 7y, as limiting positions.

* Wilczynski, Projective Differential Geomelry, p. 147.
+ Wilczynski, Projective Differential Geomelry, p. 149.
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We may determine our two points as follows. Let the fundamental equations
be written in the canonical form (2), and let any point Py on Iy, be defined
by ¢ =y 4z. If the asymptotic tangent at P, coincides with the inter-
sector tangent, then equation (17) of the asymptotics and the equation '=0
of the intersector curves may be regarded as simultaneous. Therefore we
determine the two points at which the asymptotic tangents are also intersector
tangents by solving the quadratic

(18) a1 a1z + a1z @11+ (@11 abs — a2 al1 + a21 alo — a1z a1) 4
+ (azl ase — Gz aﬁl) 2= 0.

The locus of each of these points is a curve analogous to a flecnode curve.
At each of its points the asymptotic and intersector tangents coincide. This
analogue of the flecnode curve is indeterminate in case the asymptotic and
intersector curves coincide, that is, in case R, is a derivative of Ry,.

We arrive at our second analogue of a flecnode as follows. Since any tan-
gent of Ry, intersects two consecutive generators l,,, and since any tangent
of B,, intersects two consecutive generators /,,, it follows that there are two
lines which are tangent to both Ry, and E,,, the points of contact of each
line being on corresponding generators /,, and Yoo

In order to determine the common tangent lines of Ry, and R,,, we first
determine the tangent plane of each surface. The tangent plane of RB,, at a
point P,, where ¢ = y - 4z, is determined by P,, P, and Py, where ¢’ is
given by equation (12). Therefore this plane is determined by Z,, and the point

(19) (a1 +4as;) 0+ (s + 4ass) o,

where the plane intersects the generator los corresponding to ly,. Similarly,
the tangent plane of B,, at a point Py, where ¥ = ¢+ po, is determined by
P,, P4, and Py, where Y’ is given by equation (14). Therefore this plane is
determined by /,, and the point

(20) (by +wbs1) y+ (s +wbss) 2,

where the plane intersects the generator I, corresponding to Lo
Now the line of intersection of the tangent planes of By, and R, joins the
points (19) and (20). This line is tangent to R,, if the point (20) coincides
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with Py, that is, if 4 and w satisfy the condition

(21) A= (bu'l'#bss)/(bu + wbs, ).

Similarly, this line is tangent to R,, if the point (19) coincides with Py, that
is, if 4 and p satisfy the condition

(22) w = (a3 + Aass)/(an; + Aas, ).

If we regard equations (21) and (22) as simultaneous and eliminate w, we
obtain

(23) (as1 biy + s byy) A+ (@11 by + trs bsy — a3s bss — ag bis) 2
— (@11 bis + @y bss) = 0.

Solution of this quadratic determines the two points on /,, at which lines can
be drawn tangent to both of Ry, and Ry,. The points of contact of these
common tangent lines on R,, are determined by eliminating 4 from equations
(21) and (22) and solving the quadratic

(24) (@11 bey + asy bas) u® + (@11 byy - @9y bys — @ys by — s bge)
— (s biy + ass bys) = 0.

6. APPLICATIONS TO GREEN-RECIPROCAL RULED SURFACES

We sha!” now consider a pair of Green-reciprocal ruled surfaces and apply
our general theory to them. For this purpose we employ equations (11).
Since ¢, = 0 in equations (11), it follows that C,, s an intersector curve on Ry,.
Moreover, this fact is geometrically obvious, since the line tangent to Cy lies
in the tangent plane of Sy and therefore intersects lps- The equation (13) of
the intersector curves on Ry, becomes

(25) A =2(8+Va)i+(P+v'Q) A%

Since a particular solution of this equation, namely 2 = 0, is known, the
intersector curves on Ry, can be determined by quadratures. In fact, if we



1923) RULED SURFACES 293

place 4 = 1/», equation (25) reduces to the linear equation

(26) v — —(P4+vQ)—2(8+ve)».

We might expect C, to be also an asymptotic on Ry. But if C,is an
asymptotic on Ry, then the osculating plane of Cy is tangent to Ry, at Py and
therefore contains the generator /,, through P,. Then, using the language of
Miss Sperry, we may say that the curve Cy is an asymplotic on Ry, if, and
only if, Cyis a union curve* of the congruence I'. This theorem is a generali-
zation of one of Green’s theorems.t He considered an arbitrary conjugate
net on Sy and the axis congruence of this net. Then his theorem asserts that
the ruled surface of axes which intersects Sy in a curve of the fundamental
conjugate net has this curve for an asymptotic. To derive Green’s theorem
from ours, we have only to note that a curve of the fundamental conjugate
net is.a union curve of the axis congruence of the net.

If we select any particular point on [y, the plane of this point and /,, will
touch B, in a definite point. Let us consider the point Py. The plane of Py
and l,4, Whlch is the tangent plane of Sy at Py, touches B,, in a point which
is of partlcular interest. Let this point be Py, where t,ll = o+ po. Sub-
stituting from equations (11) into equations (20), we find that the tangent plane
of B,, at Py intersects ly, in the point

(27) [—F+v (aB—8)tu(aB—au—0'@)]y+ (' +u)ez.

This point coincides with Py if ¢ = —2'. Therefore the tangent plane of

Sy at Py, touches R, at the point ¢ — v'o. But if we recall that the surface Sy
is referred to its asymptotlc net, we see that the point ¢ — v’ ¢ lies on the con-
jugate of the tangent to the curve C, that corresponds to R,;. Therefore
the point of contact of the tangent plane of Sy with an arbc'tmry ruled surface
R, lies on the conjugate of the tangent to the curve on Sy that corresponds
to R

Tlns theorem is a generalization of a theorem which has had an interesting
history. It was first proved by Wilczynski for the directrix congruences, and
by Sullivan for the scroll directrix congruences. Green proved it for an arbi-

* P, Sperry, Properties of a certain projectively defined two-parameter family of curves
on a general surface, American Journal of Mathematics, vol. 40 (1918), pp. 213—224.

+ G. M. Green, Second Memoir, American Journal of Mathematics, vol. 38 (1916),
p. 308.
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trary pair of reciprocal congruences. His theorem* amounts to this, that, for
a ruled surface B,, which is developable, the line 7,, touches the edge of
regression of the developable in a point which lies on the conjugate of the
tangent to the curve on Sy which corresponds to the developable. Our gene-
ralization is suggested by the fact that the point where ,, touches the edge

of regression of Ryq) namely the focal point of Z,,, is also the point where the
tangent plane of S,, touches B,,. In fact, any plane containing 7,, will touch
R,, at the focal point of /,,

When R/w is developable the point (27) is indeterminate, and we have

v+p =0,
(28)
—F+v(aB—B)tu(ef—an—V@) =

If we eliminate » we obtain Green's equation for determining the developables
of the I' congruence. And if we eliminate »/, we obtain Green’s equation for
determining the focal sheets of the I' congruence.t

The locus of the point Py, where ¥ = ¢—4/, is a curve on B,,. We
shall call this curve the contact curve on R,,, because at each of its points the
tangent plane of Sy touches R,,. Let us enquire under what condition the
contact curve Cy is also an mtersecton curve. Since Cy is an intersector curve
its tangent at P, must intersect Iy, but, since C, is the contact curve, its
tangent must lie in the tangent plane of Sy at P,. Therefore the tangent
passes through Py and is the conjugate of the tangent of the curve C, which
corresponds to B,,. The locus of all these conjugate tangents is a developable,
called the con]ugate developable of C,, which, in our case, has Cy for its edge
of regression. So at every point Py the conjugate of the tangent of Cy touches
the edge of regression of the conjugate developable of Cy at a point on boa
Such a curve C, has been called an adjoint union curve of the I’ congruence
Therefore, if the contact curve on R o U8 also an intersector curve, then the
curve Cy which corresponds to Ryq is an adjoint union curve of the I' congruence.
If we wish to prove this theorem analytically, we may substitute from
equation (11) into equation (15) and replace therein u by —v'. The result
is the well known differential equation of the second order for the adjoint
union curves on Sy.

* Green, Memoir on the general theory of surfaces, these Transactions, vol. 20 (1919),
p. 94.

+ Green, loc. cit., p. 89 and p. 91.

% Green, loc. cit., p. 140.
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Let us again employ the geometrical argument to demonstrate still another
theorem concerning the contact curve on R,;. The tangent planes of Sy,
constructed at points of the curve Cy, are also the tangent planes of Rp, con-
structed at points of the contact curve. These planes envelope the conjugate
developable of Cy, and, if the contact curve is also an intersector curve, the
conjugate developable is the developable of the tangents of the contact curve.
Since the planes enveloping a developable are also the osculating planes of
the edge of regression of the developable, it follows in our case that at each
point of the contact curve the osculating plane of the curve is the tangent
plane of E,,. Therefore, if the contact curve is an intersector curve, then it
is an asymptotic. This theorem may also be proved analytically by direct
calculation.

7. THE DIRECTRIX CONGRUENCES

One of the most important examples of pairs of congruences reciprocal
with respect to a surface is the pair of directrix congruences* of the surface.
Wilezynski defined the directrix congruences in terms of the osculating
linear complexes of the asymptotic curves on the surface. We are able to
give another geometrical characterization of them. Let us substitute from
equations (11) into equation (24). We obtain in this way the equation

[4db—2ay— o' (G+ @) 2 +[F — F—* (' — @)
(29)
4+ [F+F — (4db—28,)] = 0,

which determines the two points /,, at which tangents to R,, can be drawn
which also touch B, at points on the corresponding generator /,,. Now these
two points separate P, and P, harmonically if, and only if,

F—F—J/*(@¢—@G)=0.

This equation is satisfied for every ¢/, that is, for every pair of Green-reciprocal
ruled surfaces, if, and only if,

F=F &=2¢G.

* Wilezynski, Curved surfaces, Second Memoir, these Transactions, vol. 9 (1908),
PP. 79-120.
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Reference to equations (8) and (10) will show that these equations are
equivalent to

ax = bv/2b, ﬁ =S a:,/2a'.

Therefore the congruences I" and I are the directrix congruences.* Con-
sequently we may characterize the directriaz congruences by saying that they are
the only reciprocal congruences which have the property that, for every pair of
Green-reciprocal ruled surfaces Ry: and Ro,, the two points, on lys, at which
tangents of Ry, can be drawn which are also tangent to Ry at points on ly:,
separate P, and P, harmonically.

* G. M. Green, Memoir on the general theory of surfaces, these Transactions, vol. 20
(1919), p. 92.
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